We consider the quantum correction to the Lagrangean by the massless free boson in the curved background in three dimensions where one of the coordinates is periodic. The correction term is given by an expansion of the metric with respect to the derivative and the first term expresses to the usual Casimir energy. As an application, we investigate the change of the geometry in three dimensional black hole due to the quantum effect and we show that the geometry becomes like that of the Reissner-Nordstrøm solution.
Since the finite size effects, e.g. the Casimir effect, in the curved space were usually calculated by fixing the background geometry [1] , it is not always useful to consider the quantum back reaction to the geometry. In this paper, we consider the quantum correction to the Lagrangean by the massless free boson in the curved background in three dimensions where one of the coordinates is periodic. The correction term is given by an expansion of the metric with respect to the derivative and the first term express the usual Casimir energy. As an application, we investigate the change of the geometry in three dimensional black hole due to the quantum effect and we show that the geometry becomes like that of the Reissner-Nordstrøm solution.
The d'Alembertian 2 for the free massless boson ϕ is defined by
and the general coordinate transformation invariant measure for the boson ϕ is given by ∆ϕ
If we define a new field ϕ by
the measure becomes trivial:
Then the d'Alembertian 2 for ϕ is given by
We now evaluate − 1 2 tr ln 2 by the heat kernel method as follows
Here tr is defined by
and we assume that x 3 is a coordinate with the period 2π:
When we expand tr ln 2 with respect to the derivatives, we find the following expression by replacing t with ǫ 2 t;
Here f (k) m contains 2k-derivatives of the metric g µν and
We now evaluate the first term f (0) ,
Here we have used the modular transformation
The first divergent term can be absorbed into the renormalization of the cosmological constant. We rewrite the remaining term as follows,
The second term in Eq.(9)
can be also evaluated by using the modular transformation (13) as follows,
The first divergent term can be also absorbed into the renormalization of the gravitational constant and the remaining term can be rewritten as follows,
Note that the result is α-independent. Therefore m = 0 terms in Eq.(15) do not contribute. f
in the remaining term has the following form,
Here the roman indeces i, j, k, · · · = 1, 2 and the Greek ones µ, ν, ρ, · · · = 1, 2, 3. Then the finite part of − tr ln 2 has the following form
+ c 1 f
Here
Note that the parameter c 0 is negative but if we consider the contribution from the free fermions 2 instead of the free boson, c 0 can be positive. The first term in Eq.(19) expresses the Casimir energy in three dimensions. When the three dimensional space-time is given by the direct product of a circle (S 1 ) and two dimensional space (R 2 ), g 33 is given by
Here L is the radius of S tr ln 2 would contain an infinite number of derivatives and would be non-local
tr ln 2 should depend on the global information like periodic dimensions, e.g. L in Eq.(21). The expression in Eq.(19) does not appear to be covariant under the general coordinate transformation. The covariance would be, however, restored in a non-local way if we could obtain the full expression since the heat kernel method used here manifestly preserves the general coordinate invariance.
We now consider the change of the geometry in the three dimensional black hole [4] due to the quantum correction obtained in (19) .
The geometry of the three dimensional static (non-rotating) black hole is obtained by imposing a periodic boundary condition on the anti-de Sitter space, whose metric has the following form
Here {z, β, γ} are Poincaré coodinates and Λ = −l −2 is the cosmological constant. The periodic boundary condition is given by the following identification, (z, β, γ) ∼ e of S 1 and R 2 .). Here the coordinate of S 1 is given by x 3 = φ and those of R 2 by (x 1 , x 2 ). In the following, we solve the effective equations of motion,
which is obtained from the effective Lagrangean including the quantum correction (19) when we neglect the terms containing the derivatives. By multiplying g µν , we find the scalar curvature R is given by
This tells that the derivative for the metric is O(l −1 ). Since the k-th term in Eq.(19) contains 2k-derivatives, the contribution from the k-th term is O(l −2k ). Therefore we can naturally neglect the derivative terms which contains f
In three dimensions, the three gauge degrees of freedom of the general coordinate transformation can be fixed by choosing the condition,
The residual symmetry is given by
Here f µ does not depend on x ν when µ = ν. If we assume the rotational invariance, we can also choose a coordinate system where the metric g µν does not depend on φ:
g µν = g µν (r, t) .
The radial coordinate r is defined by
If we further restrict the form of the metric as follows 4 g tt = −f (r) , g rr = 1 f (r)
, g φφ = r 2 , others = 0 ,
the Hawking radiation, the radiation would stop when the mass M becomes equal to M 0 and the extreme black hole would remain as a remnant.
